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What happens when noise becomes information?

If you provide an AI-powered computer with a lot of visual data, say all the cameras on an autonomous 
car, that computer could filter out different combinations of pixels that are meaningful and categorically 

save them just as it would a word document.
In other words, AI software can take what looks like a bunch of unmanageable, noisy data and turn it into 

something useful: signal.
Noise is becoming manageable information, and there is a lot of noise to play with.
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Time series processes: 
periodic

• orbits – planets, binary stars, comets, … 

• rotation/cycles – solar cycle, pulsars, 
Cepheids, … 

• identification of new periods→ orbits, 
rotation, system identification 

• estimate parameters: period, amplitude, 
waveform, (small) perturbations in 
period,phase
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Time series processes: 
stochastic

• accreting systems (neutron stars, black 
holes), jets 

• cannot predict (time series) data exactly 

• statistical comparison between data and 
model to infer physics of system
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• Least squares sine fitting

• Discrete Fourier Transform

• Lomb-Scargle Periodogram

• Pre-whitening Data

• Other                                                                     

•     Phase Dispersion Minimization

•      Wavelets

Searching for Periodic Signals in Time Series Data I 
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Fig. 2.— Left panel: the Lomb-Scargle periodogram computed from the data shown in Figure 1,

with an inset detailing the region near the peak. Right panel: the input data in Figure 1, folded

over the detected 2.58-hour period to show the coherent periodic variability. For more discussion

of this particular object, see (Palaversa et al. 2013).

1.1. Why Lomb-Scargle?

Before we begin exploring the Lomb-Scargle periodogram in more depth, it is worth briefly

considering the broader context of methods for detecting and characterizing periodicity in time

series. First, it is important to note that there are many di↵erent modes of time series observation.

Point observation like that shown in Figure 1 is typical of optical astronomy: values (often with

uncertainties) are measured at discrete point in time, which may be equally or unequally-spaced.

Other modes of observation—e.g., time-tag-events, binned event data, time-to-spill events, etc.—

are common in high-energy astronomy and other areas. We will not consider such event-driven

data modes here, but note that there have been some interesting explorations of unified statistical

treatments of all of the above modes of observation (e.g. Scargle 1998, 2002).

Even limiting our focus to point observations, there are a large number of complementary

techniques for periodic analysis, which generally can be categorized into a few broad categories:

Fourier Methods are based on the Fourier transform, power spectra, and closely related correla-

tion functions. These methods include the classical or Schuster periodogram (Schuster 1898),

the Lomb-Scargle periodogram (Lomb 1976; Scargle 1982), the correlation-based method of

Edelson & Krolik (1988), and related approaches (see also Foster 1996, for a discussion of

wavelet transforms in this context).

Phase-folding Methods depend on folding observations as a function of phase, computing a

cost function across the phased data (often within bins constructed across phase space) and

optimizing this cost function across candidate frequencies. Some examples are String Length
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(Dworetsky 1983), Analysis of Variance (Schwarzenberg-Czerny 1989), Phase Dispersion Min-

imization (Stellingwerf 1978), the Gregory-Laredo method (Gregory & Loredo 1992), and the

conditional entropy method (Graham et al. 2013a). Methods based on correntropy are similar

in spirit, but do not always require explicit phase folding (Huijse et al. 2011, 2012).

Least Squares Methods involve fitting a model to the data at each candidate frequency, and

selecting the frequency which maximizes the likelihood. The Lomb-Scargle periodogram also

falls in this category (see Section 5), as does the Supersmoother approach (Reimann 1994).

Other studies recommend statistics other than least square residuals; see, e.g., the orthogonal

polynomial fits of Schwarzenberg-Czerny (1996).

Bayesian Approaches apply Bayesian probability theory to the problem, often in a similar man-

ner to the phase-folding and/or least-squares approaches. Examples are the generalized Lomb-

Scargle models of Bretthorst (1988), the phase-binning model of Gregory & Loredo (1992),

Gaussian process models (e.g. Wang et al. 2012), and models based on stochastic processes

(e.g. Kelly et al. 2014).

Various reviews have been undertaken to compare the e�ciency and e↵ectiveness of the available

methods; for example, Schwarzenberg-Czerny (1999) focuses on the statistical properties of methods

and recommends those based on smooth model fits over methods based on phase binning, while

Graham et al. (2013b) instead take an empirical approach and find that when considering detection

e�ciency in real datasets, no suitably e�cient algorithm universally outperforms the others.

In light of this breadth of available methods, why limit our focus here to the Lomb-Scargle

periodogram? One reason is cultural: the Lomb-Scargle periodogram is perhaps the best-known

technique to compute periodicity of unequally-spaced data in astronomy and other fields, and so

is the first tool many will reach for when searching for periodic content in a signal. But there is a

deeper reason as well; it turns out that Lomb-Scargle occupies a unique niche: it is motivated by

Fourier analysis (see Section 5), but it can also be viewed as a least squares method (see Section 6).

It can be derived from the principles of Bayesian probability theory (see Section 6.5), and has been

shown to be closely related to bin-based phase-folding techniques under some circumstances (see

Swingler 1989). Thus, the Lomb-Scargle periodogram occupies a unique point of correspondence

between many classes of methods, and so provides a focus for discussion that has bearing on

considerations involved in all of these methods.

1.2. Outline

The remainder of this paper is organized as follows:

Section 2 presents a review of the continous Fourier transform and some of its useful properties,

including defining the notion of a power spectrum (i.e. classical/Schuster periodogram) for detect-

ing periodic content in a signal.

Searching for Periodic Signals in Time Series Data II 
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our data are red noise

• At optical wavelengths, De Vries et al. 
(2005) found evidence for the variability of 
quasar emission following red-noise laws on 
timescales as long as approximately 40 
years.

• problem: how to recover spectrum of very 
“red” processes?(e.g. Mushotzky et al. 
2011)
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Figure 1. QSO model parameter ranges used to derive inputs to light-curve generation

Figure 2. Distribution of characteristic time, !, for all QSO light curves compared
with ! distribution for light curves with a peak SED value exceeding the 1% fap level

pling pattern and the “windowing” e!ect of the Lomb-Scargle periodogram can cause
a resonance e!ect at some test frequencies. Therefore, the results obtained by using
the Lomb-Scargle periodogram method can be greatly influenced by the pattern of the
observations used.

2 D. Westman, C. MacLeod, Ž. Ivezić

2. Goal

The large QSO sample expected from LSST might enable a detection of periodic sig-
nal in observed light curves. Recently we employed the Lomb-Scargle periodogram
(Lomb 1976; Scargle 1982; Horne & Baliunas 1986) to test !9000 spectroscopically
confirmed QSOs from SDSS Stripe 82 (S82) for periodic variability (see Appendix of
M10). We reuse the tools developed for the analysis of SDSS data and study light
curves simulated using a mathematical variability model trained on SDSS data, and
sampled using simulated LSST cadences.

3. Creation of Light Curves

Approximately 1x106 QSO light curves were generated using the damped random
walk model (Kelly et al. 2009; Kozlowski et al. 2010, M10). The di!erence between
this model and the well-known random walk is that an additional self-correcting term
pushes any deviations back towards the mean flux on a time scale !. The above studies
have established that DRW can statistically explain the observed light curves of quasars
at an impressive fidelity level (0.01-0.02 mag).

The input parameters to the model are the characteristic time scale, !, and the root-
mean-square (rms) variability on long time scales, or structure function, sf. The input
parameters were determined using the scalings with black hole mass (MBH), absolute
magnitude (Mi), and redshift found by M10. These physical parameters were drawn
from the distribution shown in Figure 1. After generating !83,500 well-sampled light
curves, each light curve was resampled to the 12 di!erent simulated r-band LSST ca-
dences from Delgado et al. (2006, !200 observations spread over 10 years) to obtain
!1x106 total light curves.

All light curves were analyzed with Lomb-Scargle periodogram software. If the
maximum power spectral density (PSD) value was above the level set according to
the false alarm probability, fap, then the curve became part of a set used for further
examination.

4. Results

We found that for high fap values, the actual number of light curves which exceeded
the fap level was less than the theoretical value by an appreciable amount. For a fap
value of 5%, there were 13,294 (1.3%) light curves that exceeded that level, for a fap
value of 1%, there were 4696 (0.47%), and for a fap value of 0.1%, there were 1035
(0.1%).

Figure 2 shows that values of ! for QSO models with PSD exceeding the 1% fap
level (red histogram) are distributed di!erently than those for all the QSOmodels (black
histogram). This bias is due to the fact that when ! is long, only a few “oscillations”
are observed over the duration of the light curve, causing the periodogram to mistake
the damped random walk behavior for a periodic behavior.

Figure 3 compares the proportions of QSO models found to exceed the 1% fap
level for each of the cadences. There is a marked di!erence between the various ca-
dences here, showing that some of the cadences allow many more periodogram results
for which the 1% fap level is exceeded. This may be because the variations in the sam-
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Abstract. Periodic light curve behavior predicted for some binary black hole systems
might be detected in large samples, such as the multi-million quasar sample expected
from the Large Synoptic Survey Telescope (LSST). We investigate the false-alarm prob-
ability for the discovery of a periodic signal in light curves simulated using damped
random walk (DRW) model. This model provides a good description of observed light
curves, and does not include periodic behavior. We used the Lomb-Scargle periodogram
to search for a periodic signal in a million simulated light curves that properly sample
the DRW parameter space, and the LSST cadence space. We find that even a very con-
servative threshold for false-alarm probability still yields thousands of “good” binary
black hole candidates. We conclude that the future claims for binary black holes based
on Lomb-Scargle analysis of LSST light curves will have to be interpreted with caution.

1. Introduction

Modern surveys of the sky, such as the Sloan Digital Sky Survey (SDSS, York et al. 2000), have
collected huge amounts of data (20 TB for SDSS), requiring the development of automated
analysis methods. The Large Synoptic Survey Telescope (LSST, Ivezić et al. 2008) will gather
even more data than the SDSS did (one SDSS equivalent per night over ten years of operations).
Among other populations, LSST will identify several million quasars (QSO) and obtain their
light curves. In this contribution, we discuss an automated analysis of a million simulated light
curves to search for periodic variability.

The optical variability of QSOs has been recognized since they were first identified (Mat-
thews & Sandage 1963) and is aperiodic and on the order of 20% on timescales of months to
years (for recent results see, e.g., MacLeod et al. 2010, hereafter M10). Periodic variability has
been suggested as one of the observational characteristics of a binary black hole system (Ko-
mossa 2003), (also see Shen & Loeb 2010, for an investigation of broad line emission spectra
in binary black holes), but there is no convincing observational evidence for such systems yet.

2. Goal

The large QSO sample expected from LSST might enable a detection of periodic signal in
observed light curves. Recently we employed the Lomb-Scargle periodogram (Lomb 1976;
Scargle 1982; Horne & Baliunas 1986) to test !9000 spectroscopically confirmed QSOs from
SDSS Stripe 82 (S82) for periodic variability (see Appendix of M10). We reused the tools
developed for the analysis of SDSS data and studied light curves simulated using a mathematical
variability model trained on SDSS data, and sampled using simulated LSST cadences.
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• even when we can “beat down” the 
intrinsic fluctuations in the periodogram, 
bias – in the form of leakage and aliasing 
are difficult to overcome

4 D. Westman, C. MacLeod, Ž. Ivezić

Figure 3. Proportion of QSOs with peak PSD values over 1% fap level sorted by
LSST cadence

5. Conclusion

This work shows that the Lomb-Scargle periodogram method may be useful for detect-
ing potentially periodic behavior in QSO light curves in a large-scale surveys, such as
the one to be carried out by the LSST. However, even with fap as small as 0.1%, the
large LSST sample would yield !1,000 false candidates. Therefore, future claims of
periodic behavior based on Lomb-Scargle analysis of LSST light curves will have to be
interpreted with caution. In particular, black hole binary candidates identified by this
method would have to be examined individually and with supplemental observations.
Acknowledgments. We acknowledge support by NSF grant AST-0807500 to the

University of Washington, and NSF grant AST-0551161 to the LSST for design and
development activity. Ž. Ivezić thanks the University of Zagreb, where a portion of
this work was completed, for its hospitality, and acknowledges support by the Croatian
National Science Foundation grant O-1548-2009.
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2. Goal

The large QSO sample expected from LSST might enable a detection of periodic sig-
nal in observed light curves. Recently we employed the Lomb-Scargle periodogram
(Lomb 1976; Scargle 1982; Horne & Baliunas 1986) to test !9000 spectroscopically
confirmed QSOs from SDSS Stripe 82 (S82) for periodic variability (see Appendix of
M10). We reuse the tools developed for the analysis of SDSS data and study light
curves simulated using a mathematical variability model trained on SDSS data, and
sampled using simulated LSST cadences.

3. Creation of Light Curves

Approximately 1x106 QSO light curves were generated using the damped random
walk model (Kelly et al. 2009; Kozlowski et al. 2010, M10). The di!erence between
this model and the well-known random walk is that an additional self-correcting term
pushes any deviations back towards the mean flux on a time scale !. The above studies
have established that DRW can statistically explain the observed light curves of quasars
at an impressive fidelity level (0.01-0.02 mag).

The input parameters to the model are the characteristic time scale, !, and the root-
mean-square (rms) variability on long time scales, or structure function, sf. The input
parameters were determined using the scalings with black hole mass (MBH), absolute
magnitude (Mi), and redshift found by M10. These physical parameters were drawn
from the distribution shown in Figure 1. After generating !83,500 well-sampled light
curves, each light curve was resampled to the 12 di!erent simulated r-band LSST ca-
dences from Delgado et al. (2006, !200 observations spread over 10 years) to obtain
!1x106 total light curves.

All light curves were analyzed with Lomb-Scargle periodogram software. If the
maximum power spectral density (PSD) value was above the level set according to
the false alarm probability, fap, then the curve became part of a set used for further
examination.

4. Results

We found that for high fap values, the actual number of light curves which exceeded
the fap level was less than the theoretical value by an appreciable amount. For a fap
value of 5%, there were 13,294 (1.3%) light curves that exceeded that level, for a fap
value of 1%, there were 4696 (0.47%), and for a fap value of 0.1%, there were 1035
(0.1%).

Figure 2 shows that values of ! for QSO models with PSD exceeding the 1% fap
level (red histogram) are distributed di!erently than those for all the QSOmodels (black
histogram). This bias is due to the fact that when ! is long, only a few “oscillations”
are observed over the duration of the light curve, causing the periodogram to mistake
the damped random walk behavior for a periodic behavior.

Figure 3 compares the proportions of QSO models found to exceed the 1% fap
level for each of the cadences. There is a marked di!erence between the various ca-
dences here, showing that some of the cadences allow many more periodogram results
for which the 1% fap level is exceeded. This may be because the variations in the sam-
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Figure 1. QSO model parameter ranges used to derive inputs to light-curve generation

Figure 2. Distribution of characteristic time, !, for all QSO light curves compared
with ! distribution for light curves with a peak SED value exceeding the 1% fap level

pling pattern and the “windowing” e!ect of the Lomb-Scargle periodogram can cause
a resonance e!ect at some test frequencies. Therefore, the results obtained by using
the Lomb-Scargle periodogram method can be greatly influenced by the pattern of the
observations used.

PROBLEM WITH PERIODOGRAM METHOD 
CONT’D
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Drawbacks of Spectral  Analysis

• Time domain usually put the equations at the form of 
state space, then you're capable of looking "inside" of 
your system- the internal variables that are invisible 
when you use frequency domain(transfer function).

• But when you study the system in frequency domain 
you stabilish a relationship beetween input and 
output by laplace transform.

•  they impose strong restrictions regarding the 
possible processes underlying the dynamics of the 
series (e.g. stationarity),

•   all information from the time-domain 
representation is lost in the operation
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HYBRID METHOD: 3 STEPS

The next step is to calculate the correlation coefficients of the envelopes of the wavelet 
coefficients of each light curve at each wavelet scale using the Spearman rank 
correlation coefficient. The Spearman coefficient measures statistical dependence 
between two variables without a normality assumption for the underlying population 
(i.e. it is a non-parametric measure).

1 STEP

2 STEP

       OUGP=Ornstein–Uhlenbeck Gaussian  Process

OUGP(raw tseries1)=tseries1 
OUGP(raw tseries2)=tseries2

0 STEP:
raw data 
preprocessing

SpearmanCorrCoeff(env(tseries1),env(tseries2)
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APPLIED ON ASTRONOMICAL 
DATA..:

• Gapped/irregular data

• Diurnal, monthly, season and yearly cycles

•  satellite orbital cycles 

• telescope allocations

• measurement errors & heteroscedastic   
Signal-to-noise ratio ratio differs from point to point
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observed: 
1987–2010 

 sampling:
 
78.1days

      77 days

       73 days

 60 days

ARP 102 B

Tuesday, February 27, 18



16

0 STEP: RAW DATA  PREPROCESSING  

Examples of the comparison 
between the GP posterior mean 
(solid line) and observed light 
curves (dots) for the five objects.
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Text

1&2 STEP: RESULTS
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Oscillations in the light curves of five type 1 AGNs 2059

Figure 10. As in Fig. 5 but for all light curves of E1821 + 643. Left panel: continuum 5100 Å versus H! emission line. Right panel: continuum 4200 Å and
H" emission line. Note that in both panels the tail of smaller periodicities is disconnected from the prominent correlation clusters.

Table 2. Periods in the combined light curves of our sample obtained with the hybrid method. Columns give: object name; CLC1
and CLC2, which denote combined light curves used for periodicity analysis; P ± #P, which is the determined period and its formal
error; r, which is the correlation coefficient corresponding to the period; 95% CI, which is the 95 per cent confidence interval for r;
p, which is significance (i.e. p-value) for r.

Object name CLC1 CLC2 P ± #P (yr) r 95% CI p

3C 390.3 Continuum 5100 Å H$ 9.5 ± 0.3 0.5 (0.49,0.51) <0.00001
7.2 ± 1.2 0.69 (0.68,0.7) <0.00001
6.3 ± 0.9 0.68 (0.67,0.69) <0.00001
4.0 ± 0.04 ! 0.47 (!0.48, !0.45) <0.00001

5.44 ± 0.1 ! 0.35 (!0.37, !0.33) <0.00001

H! 10.11 ± 0.1 0.77 (0.76,0.78) <0.00001
7.67 ± 0.02 0.71 (0.7,0.72) <0.00001
6.42 ± 1.6 0.75 (0.74,0.76) <0.00001
5.43 ± 0.8 ! 0.47 (!0.48, !0.45) <0.00001

3.6 ± 0.4 ! 0.33 (!0.35, !0.31) <0.00001

Continuum 1370 Å Ly$ 10.34 ± 0.1 ! 0.47 (!0.49, !0.45) <0.00001
7.1 ± 0.02 ! 0.53 (!0.54, !0.51) <0.00001

6.25 ± 1.42 0.77 (0.76,0.78) <0.00001

CIV 9.42 ± 0.02 0.85 (0.84,0.86) <0.00001
7.84 ± 0.02 ! 0.6 (!0.61, !0.59) <0.00001

6.4 ± 1.22 0.85 (0.84,0.86) <0.00001
4.68 ± 0.7 ! 0.42 (!0.44, !0.40) <0.00001

3.4 ± 0.4 0.75 (0.74,0.76) <0.00001

Arp 102B Continuum 6200 Å H$ ! ! !
Continuum 5100 Å H! ! ! !

NGC 4151 Continuum 5100 Å H$ 13.76 ± 3.73 0.96 (0.956,0.962) <0.00001
8.33 ± 2.33 0.97 (0.968,0.972) <0.00001
5.44 ± 1.29 0.98 (0.978,0.981) <0.00001

NGC 5548 Continuum 5100 Å H! 13.3 ± 2.26 0.87 (0.867,0.873) <0.00001

E1821 + 643 Continuum 5100 Å H! 12.76 ± 5.6 0.98 (0.979,0.981) <0.00001
6.93 ± 1.99 0.80 (0.792,0.808) <0.00001
4.75 ± 0.79 0.80 (0.792,0.808) <0.00001

Continuum 4200 Å H" 12.36 ± 6.1 0.99 (0.989,0.991) <0.00001
6.52 ± 3.26 0.91 (0.906,0.914) <0.00001
4.34 ± 0.74 0.94 (0.937,0.943) <0.00001

of 3C 390.3 due to substantially different levels of correlation po-
larity. The clusters of correlations are divided by gaps of very low
(or no) correlations, and the islands of correlations switch their po-
larity (between positive and negative values). This can be seen as

evidence that there is an activation process that reduces correla-
tion coefficients (from positive values up to zero). Later, a differ-
ent relationship is evoked between the periodicities in light curves
(e.g. negative correlations). The break off of the correlation band

MNRAS 475, 2051–2066 (2018)
Downloaded from https://academic.oup.com/mnras/article-abstract/475/2/2051/4833193
by Belgrade University user
on 22 February 2018
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Note the prominent 
stationarity of the 
diagonal correlation line 
and the absence of 
correlation clusters.

Oscillations in the light curves of five type 1 AGNs 2059

Figure 10. As in Fig. 5 but for all light curves of E1821 + 643. Left panel: continuum 5100 Å versus H! emission line. Right panel: continuum 4200 Å and
H" emission line. Note that in both panels the tail of smaller periodicities is disconnected from the prominent correlation clusters.

Table 2. Periods in the combined light curves of our sample obtained with the hybrid method. Columns give: object name; CLC1
and CLC2, which denote combined light curves used for periodicity analysis; P ± #P, which is the determined period and its formal
error; r, which is the correlation coefficient corresponding to the period; 95% CI, which is the 95 per cent confidence interval for r;
p, which is significance (i.e. p-value) for r.

Object name CLC1 CLC2 P ± #P (yr) r 95% CI p

3C 390.3 Continuum 5100 Å H$ 9.5 ± 0.3 0.5 (0.49,0.51) <0.00001
7.2 ± 1.2 0.69 (0.68,0.7) <0.00001
6.3 ± 0.9 0.68 (0.67,0.69) <0.00001
4.0 ± 0.04 ! 0.47 (!0.48, !0.45) <0.00001

5.44 ± 0.1 ! 0.35 (!0.37, !0.33) <0.00001

H! 10.11 ± 0.1 0.77 (0.76,0.78) <0.00001
7.67 ± 0.02 0.71 (0.7,0.72) <0.00001
6.42 ± 1.6 0.75 (0.74,0.76) <0.00001
5.43 ± 0.8 ! 0.47 (!0.48, !0.45) <0.00001

3.6 ± 0.4 ! 0.33 (!0.35, !0.31) <0.00001

Continuum 1370 Å Ly$ 10.34 ± 0.1 ! 0.47 (!0.49, !0.45) <0.00001
7.1 ± 0.02 ! 0.53 (!0.54, !0.51) <0.00001

6.25 ± 1.42 0.77 (0.76,0.78) <0.00001

CIV 9.42 ± 0.02 0.85 (0.84,0.86) <0.00001
7.84 ± 0.02 ! 0.6 (!0.61, !0.59) <0.00001

6.4 ± 1.22 0.85 (0.84,0.86) <0.00001
4.68 ± 0.7 ! 0.42 (!0.44, !0.40) <0.00001

3.4 ± 0.4 0.75 (0.74,0.76) <0.00001

Arp 102B Continuum 6200 Å H$ ! ! !
Continuum 5100 Å H! ! ! !

NGC 4151 Continuum 5100 Å H$ 13.76 ± 3.73 0.96 (0.956,0.962) <0.00001
8.33 ± 2.33 0.97 (0.968,0.972) <0.00001
5.44 ± 1.29 0.98 (0.978,0.981) <0.00001

NGC 5548 Continuum 5100 Å H! 13.3 ± 2.26 0.87 (0.867,0.873) <0.00001

E1821 + 643 Continuum 5100 Å H! 12.76 ± 5.6 0.98 (0.979,0.981) <0.00001
6.93 ± 1.99 0.80 (0.792,0.808) <0.00001
4.75 ± 0.79 0.80 (0.792,0.808) <0.00001

Continuum 4200 Å H" 12.36 ± 6.1 0.99 (0.989,0.991) <0.00001
6.52 ± 3.26 0.91 (0.906,0.914) <0.00001
4.34 ± 0.74 0.94 (0.937,0.943) <0.00001

of 3C 390.3 due to substantially different levels of correlation po-
larity. The clusters of correlations are divided by gaps of very low
(or no) correlations, and the islands of correlations switch their po-
larity (between positive and negative values). This can be seen as

evidence that there is an activation process that reduces correla-
tion coefficients (from positive values up to zero). Later, a differ-
ent relationship is evoked between the periodicities in light curves
(e.g. negative correlations). The break off of the correlation band
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Figure 10. As in Fig. 5 but for all light curves of E1821 + 643. Left panel: continuum 5100 Å versus H! emission line. Right panel: continuum 4200 Å and
H" emission line. Note that in both panels the tail of smaller periodicities is disconnected from the prominent correlation clusters.

Table 2. Periods in the combined light curves of our sample obtained with the hybrid method. Columns give: object name; CLC1
and CLC2, which denote combined light curves used for periodicity analysis; P ± #P, which is the determined period and its formal
error; r, which is the correlation coefficient corresponding to the period; 95% CI, which is the 95 per cent confidence interval for r;
p, which is significance (i.e. p-value) for r.

Object name CLC1 CLC2 P ± #P (yr) r 95% CI p

3C 390.3 Continuum 5100 Å H$ 9.5 ± 0.3 0.5 (0.49,0.51) <0.00001
7.2 ± 1.2 0.69 (0.68,0.7) <0.00001
6.3 ± 0.9 0.68 (0.67,0.69) <0.00001
4.0 ± 0.04 ! 0.47 (!0.48, !0.45) <0.00001

5.44 ± 0.1 ! 0.35 (!0.37, !0.33) <0.00001

H! 10.11 ± 0.1 0.77 (0.76,0.78) <0.00001
7.67 ± 0.02 0.71 (0.7,0.72) <0.00001
6.42 ± 1.6 0.75 (0.74,0.76) <0.00001
5.43 ± 0.8 ! 0.47 (!0.48, !0.45) <0.00001

3.6 ± 0.4 ! 0.33 (!0.35, !0.31) <0.00001

Continuum 1370 Å Ly$ 10.34 ± 0.1 ! 0.47 (!0.49, !0.45) <0.00001
7.1 ± 0.02 ! 0.53 (!0.54, !0.51) <0.00001

6.25 ± 1.42 0.77 (0.76,0.78) <0.00001

CIV 9.42 ± 0.02 0.85 (0.84,0.86) <0.00001
7.84 ± 0.02 ! 0.6 (!0.61, !0.59) <0.00001

6.4 ± 1.22 0.85 (0.84,0.86) <0.00001
4.68 ± 0.7 ! 0.42 (!0.44, !0.40) <0.00001

3.4 ± 0.4 0.75 (0.74,0.76) <0.00001

Arp 102B Continuum 6200 Å H$ ! ! !
Continuum 5100 Å H! ! ! !

NGC 4151 Continuum 5100 Å H$ 13.76 ± 3.73 0.96 (0.956,0.962) <0.00001
8.33 ± 2.33 0.97 (0.968,0.972) <0.00001
5.44 ± 1.29 0.98 (0.978,0.981) <0.00001

NGC 5548 Continuum 5100 Å H! 13.3 ± 2.26 0.87 (0.867,0.873) <0.00001

E1821 + 643 Continuum 5100 Å H! 12.76 ± 5.6 0.98 (0.979,0.981) <0.00001
6.93 ± 1.99 0.80 (0.792,0.808) <0.00001
4.75 ± 0.79 0.80 (0.792,0.808) <0.00001

Continuum 4200 Å H" 12.36 ± 6.1 0.99 (0.989,0.991) <0.00001
6.52 ± 3.26 0.91 (0.906,0.914) <0.00001
4.34 ± 0.74 0.94 (0.937,0.943) <0.00001

of 3C 390.3 due to substantially different levels of correlation po-
larity. The clusters of correlations are divided by gaps of very low
(or no) correlations, and the islands of correlations switch their po-
larity (between positive and negative values). This can be seen as

evidence that there is an activation process that reduces correla-
tion coefficients (from positive values up to zero). Later, a differ-
ent relationship is evoked between the periodicities in light curves
(e.g. negative correlations). The break off of the correlation band
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probability p associated with the Spearman correlation coefficient
is evaluated using an Edgeworth series approximation (see Best &
Roberts 1975).

The level of match between oscillations presented in the two
different light curves over a broad scale range can be visualized
either as a three-dimensional (3D) correlation map (two axes are
associated with periods in series and the third corresponds to cor-
relation coefficients) or in the form of a two-dimensional (2D)
correlation map (two axes correspond to periods in two series while
correlation coefficients are coded with different colours). Because
the values of the position parameter b can be continuously varied,
and the scaling a can be defined from the minimum (original signal
scale) to a maximum chosen by the user, the CWT can be seen as
a function of scales a, as shown in Grinstead, Moore & Jevrejeva
(2004). For the Morlet wavelet, the period is almost equal to the
scale (see Grinsted et al. 2004). So, the x and y axes of the cor-
relation plots depict scales a or, equivalently, periods. If the same
period is presented in both light curves, then it will reveal itself in the
high-correlation regions centred on the diagonal of the 2D map. The
correlation between different periodicities (inter-oscillator correla-
tion) would appear as a region of high correlation off the diagonal.
The significance threshold for correlation coefficients was set at
0.005. We estimated periods by detecting peaks of the correlation
function that have the largest correlation coefficients and p-value
below the significance threshold. The error of the resulting period
(!P) was estimated formally as the half-width of the corresponding
peak (Kudryavtseva et al. 2011).

2.3 Models

One of our ultimate goals is to give a physical interpretation to the
obtained results. To do so, we constructed models that are capable
of producing oscillatory and dynamical patterns similar to those
found in our objects.

There are two types of such models: detailed and abstract (see
Nakao 2015, and references therein). Detailed models intend to ex-
actly reproduce as many characteristics of the observed system as
possible. Such models provide a quantitative understanding of the
dynamical behaviour of the studied system. The other class (i.e.
abstract models) can capture some essential aspect of the system,
such as rhythmic behaviour. Their purpose is not to faithfully sim-
ulate all aspects of dynamical behaviour of the observed system,
but to describe some universal aspect of its dynamics. Because
it is not focused on the detailed behaviour of any specific sys-
tem, but on the universal characteristic of this behaviour, it can
give a unified frame for describing the behaviour exhibited by a
broad range of dynamical systems. Hence, such models allow us to
accumulate a deeper comprehension of the general processes ex-
isting in broad classes of systems. For our purposes, the abstract
models are suitable, simulating the network of coupled oscilla-
tory processes (Pikovsky, Rosenblum & Kurths 2001). In such a
model, the evolution of each oscillatory system is described by
three degrees of freedom: the amplitude, period (frequency) and
phase.

So, in order to investigate whether interactions between oscilla-
tors could contribute to the variety of oscillation patterns seen in
the AGN sample, we created two models.

The first type consists of two interacting units Ua, Ub, assuming
that the interaction is linear and represented by the sum of one cen-
tral and one remote oscillatory component. The guiding equations

are given as

Ua(t) = A(t) sin(2!fat + ") + cpb!a (3)

" B(t) sin(2!fbt + 2!fb# ) + W (t) (4)

Ub(t) = B(t) sin(2!fbt) + cpa!b (5)

" A(t) sin(2!fat + 2!fa# + ") + W (t). (6)

Here, A(t) and B(t) are amplitudes of the central and remote oscilla-
tory process before coupling occurs; Ua(t), Ub(t) are outputs of two
units at given time instance; fa, fb denote the frequencies of interest
in Ua, Ub; " is the phase difference; # is the delay between two units;
cpi ! j is the connection strength between Ui to Uj, i, j # {a, b};
and W(t) is the red noise (i.e. Wiener process or Brownian motion).
We generated W(t) on the time interval [0, T] as a random variable
depending continuously on all t # [0, T] and satisfying conditions:
W(0) = 0, W (t) $ W (s) %

&
(t $ s)N (0, 1) for 0 ' s < t ' T. Here,

N(0, 1) is the normal distribution with zero mean and unit variance,
and because of this, W(t) is often called the Gaussian process. Note
that for 0 ' s < t < u < v ' T, W(t) $ W(s) and W(v) $ W(u) are in-
dependent. For use in our model, we discretize W(t) with time-step
dt as dW %

&
dtN (0, 1) and found its cumulative sum.

Unlike the first model, the second model includes one central and
two remote oscillatory components, given as follows:

Ua(t) = A(t) sin(2!fat + ") + cpb!a (7)

" B(t) sin(2!fbt + 2!fb# ) + cpc!a (8)

" C(t) sin(2!fct + 2!fc#1) + W (t) (9)

Uc(t) = B(t) sin(2!fbt) + C(t) sin(2!fct) + cpa!b (10)

" A(t) sin(2!fat + 2!fa# + ") + cpa!c (11)

" A(t) sin(2!fat + 2!fa#1 + "1) + W (t). (12)

An additional remote oscillatory component has amplitude C(t),
frequency fc, coupling strength to central oscillatory process (and
vice versa) cpa ! c, cpc ! a, phase "1 and time delay # 1. The values
for the variables in both models were set to the following: all pa-
rameters were always constant for the considered time period, but
were extracted from a normal Gaussian distribution for 100 reruns,
separately for all involved oscillatory processes. In this way, we
have several degrees of randomness: amplitudes, phases, red noise
and coupling parameter. Each trial of 2000 time points was defined
in both models with a resolution of one arbitrary chosen time unit.

To verify that similarities between real and modelled correlation
maps are not accidental, we determined how the dynamics of ob-
served light curves compare to the dynamics defined by time-series
models. With this intention, we calculated the phase trajectories of
observed and modelled data, as phases are most sensitive to interac-
tion, and provide a description of connectivity within the dynamical
system that discloses a simple interpretation (Kralemann, Pikovsky
& Rosenblum 2011). The first step is to transform given time series
y(t) = [yk(t)], k = 1, . . . , N of each object into a cyclic observ-
able. This is completed via the construction of a 2D embedding (y,
yH) (see Kralemann et al. 2008, and references therein), where the
following equation

yH(t) = 1
!

PV

! (

$(

y(t)
t $ #

d# (13)
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probability p associated with the Spearman correlation coefficient
is evaluated using an Edgeworth series approximation (see Best &
Roberts 1975).

The level of match between oscillations presented in the two
different light curves over a broad scale range can be visualized
either as a three-dimensional (3D) correlation map (two axes are
associated with periods in series and the third corresponds to cor-
relation coefficients) or in the form of a two-dimensional (2D)
correlation map (two axes correspond to periods in two series while
correlation coefficients are coded with different colours). Because
the values of the position parameter b can be continuously varied,
and the scaling a can be defined from the minimum (original signal
scale) to a maximum chosen by the user, the CWT can be seen as
a function of scales a, as shown in Grinstead, Moore & Jevrejeva
(2004). For the Morlet wavelet, the period is almost equal to the
scale (see Grinsted et al. 2004). So, the x and y axes of the cor-
relation plots depict scales a or, equivalently, periods. If the same
period is presented in both light curves, then it will reveal itself in the
high-correlation regions centred on the diagonal of the 2D map. The
correlation between different periodicities (inter-oscillator correla-
tion) would appear as a region of high correlation off the diagonal.
The significance threshold for correlation coefficients was set at
0.005. We estimated periods by detecting peaks of the correlation
function that have the largest correlation coefficients and p-value
below the significance threshold. The error of the resulting period
(!P) was estimated formally as the half-width of the corresponding
peak (Kudryavtseva et al. 2011).

2.3 Models

One of our ultimate goals is to give a physical interpretation to the
obtained results. To do so, we constructed models that are capable
of producing oscillatory and dynamical patterns similar to those
found in our objects.

There are two types of such models: detailed and abstract (see
Nakao 2015, and references therein). Detailed models intend to ex-
actly reproduce as many characteristics of the observed system as
possible. Such models provide a quantitative understanding of the
dynamical behaviour of the studied system. The other class (i.e.
abstract models) can capture some essential aspect of the system,
such as rhythmic behaviour. Their purpose is not to faithfully sim-
ulate all aspects of dynamical behaviour of the observed system,
but to describe some universal aspect of its dynamics. Because
it is not focused on the detailed behaviour of any specific sys-
tem, but on the universal characteristic of this behaviour, it can
give a unified frame for describing the behaviour exhibited by a
broad range of dynamical systems. Hence, such models allow us to
accumulate a deeper comprehension of the general processes ex-
isting in broad classes of systems. For our purposes, the abstract
models are suitable, simulating the network of coupled oscilla-
tory processes (Pikovsky, Rosenblum & Kurths 2001). In such a
model, the evolution of each oscillatory system is described by
three degrees of freedom: the amplitude, period (frequency) and
phase.

So, in order to investigate whether interactions between oscilla-
tors could contribute to the variety of oscillation patterns seen in
the AGN sample, we created two models.

The first type consists of two interacting units Ua, Ub, assuming
that the interaction is linear and represented by the sum of one cen-
tral and one remote oscillatory component. The guiding equations

are given as

Ua(t) = A(t) sin(2!fat + ") + cpb!a (3)

" B(t) sin(2!fbt + 2!fb# ) + W (t) (4)

Ub(t) = B(t) sin(2!fbt) + cpa!b (5)

" A(t) sin(2!fat + 2!fa# + ") + W (t). (6)

Here, A(t) and B(t) are amplitudes of the central and remote oscilla-
tory process before coupling occurs; Ua(t), Ub(t) are outputs of two
units at given time instance; fa, fb denote the frequencies of interest
in Ua, Ub; " is the phase difference; # is the delay between two units;
cpi ! j is the connection strength between Ui to Uj, i, j # {a, b};
and W(t) is the red noise (i.e. Wiener process or Brownian motion).
We generated W(t) on the time interval [0, T] as a random variable
depending continuously on all t # [0, T] and satisfying conditions:
W(0) = 0, W (t) $ W (s) %

&
(t $ s)N (0, 1) for 0 ' s < t ' T. Here,

N(0, 1) is the normal distribution with zero mean and unit variance,
and because of this, W(t) is often called the Gaussian process. Note
that for 0 ' s < t < u < v ' T, W(t) $ W(s) and W(v) $ W(u) are in-
dependent. For use in our model, we discretize W(t) with time-step
dt as dW %

&
dtN (0, 1) and found its cumulative sum.

Unlike the first model, the second model includes one central and
two remote oscillatory components, given as follows:

Ua(t) = A(t) sin(2!fat + ") + cpb!a (7)

" B(t) sin(2!fbt + 2!fb# ) + cpc!a (8)

" C(t) sin(2!fct + 2!fc#1) + W (t) (9)

Uc(t) = B(t) sin(2!fbt) + C(t) sin(2!fct) + cpa!b (10)

" A(t) sin(2!fat + 2!fa# + ") + cpa!c (11)

" A(t) sin(2!fat + 2!fa#1 + "1) + W (t). (12)

An additional remote oscillatory component has amplitude C(t),
frequency fc, coupling strength to central oscillatory process (and
vice versa) cpa ! c, cpc ! a, phase "1 and time delay # 1. The values
for the variables in both models were set to the following: all pa-
rameters were always constant for the considered time period, but
were extracted from a normal Gaussian distribution for 100 reruns,
separately for all involved oscillatory processes. In this way, we
have several degrees of randomness: amplitudes, phases, red noise
and coupling parameter. Each trial of 2000 time points was defined
in both models with a resolution of one arbitrary chosen time unit.

To verify that similarities between real and modelled correlation
maps are not accidental, we determined how the dynamics of ob-
served light curves compare to the dynamics defined by time-series
models. With this intention, we calculated the phase trajectories of
observed and modelled data, as phases are most sensitive to interac-
tion, and provide a description of connectivity within the dynamical
system that discloses a simple interpretation (Kralemann, Pikovsky
& Rosenblum 2011). The first step is to transform given time series
y(t) = [yk(t)], k = 1, . . . , N of each object into a cyclic observ-
able. This is completed via the construction of a 2D embedding (y,
yH) (see Kralemann et al. 2008, and references therein), where the
following equation
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Figure 13. Comparison of the phase trajectories between the continuum of
3C 390.3 and simulated curve OP1 from the oscillatory network model in
Fig. 12. H1 is related to the time series itself (real part), while H2 is the
imaginary part of the analytical signal (see equation 14). The inset and main
plot are very topologically similar (beside a phase shift), showing a distorted
ovoid curve.

sense without forming the smaller loops, but they are non-closed,
indicating either weak coupling between oscillators or the absence
of periodicity.

The lack of oscillatory patterns favours the non-binary BLR hy-
pothesis for this object. This is in line with a recent study by Liu,
Eracleous & Halpern (2016), who reported that the estimated Arp
102B mass of 1.1 ! 108 M" (Shapovalova et al. 2013) is far
less than 1012 M", which is obtained under the binary black hole
assumption. The topology of the correlation map of oscillatory
patterns of Arp 102B that we found can be best explained in the
context of the process causing gradual variations, which are stable
over the long-term monitoring period. In spite of both objects 3C
390.3 and Arp 102B being classified as double-peaked emitters,
we have shown that the underlying topology of their oscillations
mechanisms is different, suggesting different physical backgrounds
(see detailed discussion in Popović et al. 2011, 2014).

Figure 15. As in Fig. 13 but for the H! line of Arp 102B and simulated OP1
curve from the oscillatory model (see Fig. 14). Both curves are similar and
non-closed, indicating either weak coupling or the absence of periodicity.
They appear to intersect themselves due to projection on to 2D phase space.

Supermassive binary black hole candidates NGC 4151 5548,
and E1821 + 643

Again, our hybrid method discerns the oscillatory dynamics of stud-
ied objects. Cadenced topology of three detected periods in the H!

line of NGC 4151 led us to suspect that periodic signals can be non-
linearly coupled. We simulated such a coupled oscillatory system
using the following equation:

Ua(t) = A(t) sin(2!fat + ") + cpb#a (16)

! B(t) sin(2!fbt + 2!fb# ) + W (t) (17)

Ub(t) = B(t) sin(2!fbt) + cpa#b (18)

! Ua(t)2 + W (t). (19)

Here, the non-linear coupling is introduced by the squared term
Ua(t)2. Simulated curves consists of sum and multiple of base sinus
signals of periods of 500 and 300 arbitrary chosen time units. As

Figure 14. Simulation of two bidirectional coupled oscillators for the case of Arp 102B. Left: random realization of equation (6) from two time series (black
is Ua = OP1 and red is Ub = OP2) of amplitudes A = 5.29, B = 1.99, phase " = 0.4174 rad, coupling strengths cpa # b = 0.4, cpb # a = 0.2, time delay is
100 and periods are 500 and 300 arbitrarily chosen time units. Right: corresponding 2D correlation map.
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Figure 11. Best-fitting multisinusoidal models to the observed light curves.
Normalized fluxes are represented by dots with error bars whereas models
are denoted by solid lines. From top to bottom: sum of five sinusoids for
the H! line of 3C 390.3; sum of three sinusoids (solid line) and one sinu-
soid corresponding to the largest period (dashed line) for the H" line of
NGC4151; one sinusoid for the H! line of NGC 5548 and sum of three
sinusoids for the continuum 5100 Å of E1821 + 643. Note that the sinusoid
model for Arp 102B is missing as we could not determine any periodicity
in its light curves.

(on diagonal) may be due to the change of variability in the
light curves or due to the modulatory effects of some unknown
background factors, which may have certain cycles. We applied
the hybrid method to a series of artificially non-linear and non-
stationary oscillatory signals simulated by equations (6) and (12)
with unidirectional and bidirectional coupling. The degree of non-
linearity/asymmetry is controlled by the ratio (differing from 1) of
the periods (frequencies) of the sinusoids. To introduce the non-
stationary mechanism, we assign a random value between 0 and 10
to the amplitude of signals, while they were fixed over trial realiza-
tion, adding the red noise. The 2D correlation map of bidirectional
coupling of three oscillatory processes (see Fig. 12) almost matches
the map of the real light curves.

We cannot produce a correlation image with negative ‘correlation
islands’ if the time delays between processes are different. We note
that time delays between the continuum and the H" and H! lines
are !120 and 95 d, respectively, as reported by Shapovalova et al.
(2010a). Based on this, one can see the importance of the value of
the time lag for the expression of a negative link between oscilla-
tions, which implies that physical places of oscillation sources are
somehow functionally related to each other. For example, such a re-
lationship can be a hotspot. Jovanović et al. (2010) showed that two
large amplitude outbursts of the H! line observed between 1995
and 1999 in 3C 390.3 could be explained by successive occurrences
of two bright spots in the accretion disc. The phase plots in Fig. 13
illustrate a comparison between the behaviour of the continuum and
the behaviour of the simulated curves from the oscillatory network
model for 3C 390.3. Both curves show a specific mode of dynam-
ics, generating a major loop (large amplitude oscillation) and the
formation of secondary loops (small amplitude oscillations). This
confirms that the signal of oscillations is not a monocomponent
but a multiperiodic component. Both trajectories cover evenly the
section of phase space shown here. Particularly, there are no single
regulation points at which multiple loops of both trajectories can in-
tersect. The main loops of trajectories are of different diameters due
to different amplitudes of real and simulated curves. The secondary
loops can be regarded as a hidden attractor.

A specific topology of Arp 102B correlation maps indicates ei-
ther that periodicities are absent from light curves or that coupling
between oscillatory processes is weak. We have created about 100
pairs of artificial curves consisting of 2000 points based on two lin-
early and weakly coupled oscillators (see equation 6). For reference,

Table 3. Estimated parameters of sinusoidal best-fitting (equation 15) normalized observed light curves. Columns give: object name; light curve;
amplitudes ci; periods pi; phases #i; offsets B; the correlation coefficient between the modelled and observed light curves r; and chi-square goodness
of fit $2. Each line represents a set of parameters for one sinusoid.

Object name LC ci pi (d) #i (rad) B r $2

3C 390.3 H! 0.11 ± 0.02 3760 ± 7 6.02 ± 0.01 0.52 ± 0.01 0.81 4.748
0.05 ± 0.03 2743 ± 15 5.51 ± 0.03
0.29 ± 0.04 2300 ± 2 5.47 ± 0.03
0.17 ± 0.03 2000 ± 2 0.17 ± 0.005
0.08 ± 0.01 1322 ± 1 " 5.24 ± 0.1

NGC 4151 H" 0.22 ± 0.01 5580 ± 435 1.52 ± 4.34 0.63 ± 0.02 0.96 0.381
" 0.07 ± 0.02 2730 ± 422 " 4.20 ± 5.63
" 0.08 ± 0.01 1534 ± 28 " 4.02 ± 3.82

H" " 0.23 ± 0.01 5165 ± 3 – 0.63 ± 0.01 0.87 1.275

NGC 5548 H! " 0.10 ± 0.01 4378 ± 70 " 5.35 ± 1.12 0.40 ± 0.004 0.40 32.804

E1821 + 643 Continuum 0.16 ± 0.001 4511 ± 1 0.02 ± 0.005 0.71 ± 0.0 0.87 0.449
5100 Å 0.50 ± 0.0002 2529 ± 0.005 1.57 ± 0.03

0.07 ± 0.005 1977 ± 0.1 1.10 ± 0.002
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probability p associated with the Spearman correlation coefficient
is evaluated using an Edgeworth series approximation (see Best &
Roberts 1975).

The level of match between oscillations presented in the two
different light curves over a broad scale range can be visualized
either as a three-dimensional (3D) correlation map (two axes are
associated with periods in series and the third corresponds to cor-
relation coefficients) or in the form of a two-dimensional (2D)
correlation map (two axes correspond to periods in two series while
correlation coefficients are coded with different colours). Because
the values of the position parameter b can be continuously varied,
and the scaling a can be defined from the minimum (original signal
scale) to a maximum chosen by the user, the CWT can be seen as
a function of scales a, as shown in Grinstead, Moore & Jevrejeva
(2004). For the Morlet wavelet, the period is almost equal to the
scale (see Grinsted et al. 2004). So, the x and y axes of the cor-
relation plots depict scales a or, equivalently, periods. If the same
period is presented in both light curves, then it will reveal itself in the
high-correlation regions centred on the diagonal of the 2D map. The
correlation between different periodicities (inter-oscillator correla-
tion) would appear as a region of high correlation off the diagonal.
The significance threshold for correlation coefficients was set at
0.005. We estimated periods by detecting peaks of the correlation
function that have the largest correlation coefficients and p-value
below the significance threshold. The error of the resulting period
(!P) was estimated formally as the half-width of the corresponding
peak (Kudryavtseva et al. 2011).

2.3 Models

One of our ultimate goals is to give a physical interpretation to the
obtained results. To do so, we constructed models that are capable
of producing oscillatory and dynamical patterns similar to those
found in our objects.

There are two types of such models: detailed and abstract (see
Nakao 2015, and references therein). Detailed models intend to ex-
actly reproduce as many characteristics of the observed system as
possible. Such models provide a quantitative understanding of the
dynamical behaviour of the studied system. The other class (i.e.
abstract models) can capture some essential aspect of the system,
such as rhythmic behaviour. Their purpose is not to faithfully sim-
ulate all aspects of dynamical behaviour of the observed system,
but to describe some universal aspect of its dynamics. Because
it is not focused on the detailed behaviour of any specific sys-
tem, but on the universal characteristic of this behaviour, it can
give a unified frame for describing the behaviour exhibited by a
broad range of dynamical systems. Hence, such models allow us to
accumulate a deeper comprehension of the general processes ex-
isting in broad classes of systems. For our purposes, the abstract
models are suitable, simulating the network of coupled oscilla-
tory processes (Pikovsky, Rosenblum & Kurths 2001). In such a
model, the evolution of each oscillatory system is described by
three degrees of freedom: the amplitude, period (frequency) and
phase.

So, in order to investigate whether interactions between oscilla-
tors could contribute to the variety of oscillation patterns seen in
the AGN sample, we created two models.

The first type consists of two interacting units Ua, Ub, assuming
that the interaction is linear and represented by the sum of one cen-
tral and one remote oscillatory component. The guiding equations

are given as

Ua(t) = A(t) sin(2!fat + ") + cpb!a (3)

" B(t) sin(2!fbt + 2!fb# ) + W (t) (4)

Ub(t) = B(t) sin(2!fbt) + cpa!b (5)

" A(t) sin(2!fat + 2!fa# + ") + W (t). (6)

Here, A(t) and B(t) are amplitudes of the central and remote oscilla-
tory process before coupling occurs; Ua(t), Ub(t) are outputs of two
units at given time instance; fa, fb denote the frequencies of interest
in Ua, Ub; " is the phase difference; # is the delay between two units;
cpi ! j is the connection strength between Ui to Uj, i, j # {a, b};
and W(t) is the red noise (i.e. Wiener process or Brownian motion).
We generated W(t) on the time interval [0, T] as a random variable
depending continuously on all t # [0, T] and satisfying conditions:
W(0) = 0, W (t) $ W (s) %

&
(t $ s)N (0, 1) for 0 ' s < t ' T. Here,

N(0, 1) is the normal distribution with zero mean and unit variance,
and because of this, W(t) is often called the Gaussian process. Note
that for 0 ' s < t < u < v ' T, W(t) $ W(s) and W(v) $ W(u) are in-
dependent. For use in our model, we discretize W(t) with time-step
dt as dW %

&
dtN (0, 1) and found its cumulative sum.

Unlike the first model, the second model includes one central and
two remote oscillatory components, given as follows:

Ua(t) = A(t) sin(2!fat + ") + cpb!a (7)

" B(t) sin(2!fbt + 2!fb# ) + cpc!a (8)

" C(t) sin(2!fct + 2!fc#1) + W (t) (9)

Uc(t) = B(t) sin(2!fbt) + C(t) sin(2!fct) + cpa!b (10)

" A(t) sin(2!fat + 2!fa# + ") + cpa!c (11)

" A(t) sin(2!fat + 2!fa#1 + "1) + W (t). (12)

An additional remote oscillatory component has amplitude C(t),
frequency fc, coupling strength to central oscillatory process (and
vice versa) cpa ! c, cpc ! a, phase "1 and time delay # 1. The values
for the variables in both models were set to the following: all pa-
rameters were always constant for the considered time period, but
were extracted from a normal Gaussian distribution for 100 reruns,
separately for all involved oscillatory processes. In this way, we
have several degrees of randomness: amplitudes, phases, red noise
and coupling parameter. Each trial of 2000 time points was defined
in both models with a resolution of one arbitrary chosen time unit.

To verify that similarities between real and modelled correlation
maps are not accidental, we determined how the dynamics of ob-
served light curves compare to the dynamics defined by time-series
models. With this intention, we calculated the phase trajectories of
observed and modelled data, as phases are most sensitive to interac-
tion, and provide a description of connectivity within the dynamical
system that discloses a simple interpretation (Kralemann, Pikovsky
& Rosenblum 2011). The first step is to transform given time series
y(t) = [yk(t)], k = 1, . . . , N of each object into a cyclic observ-
able. This is completed via the construction of a 2D embedding (y,
yH) (see Kralemann et al. 2008, and references therein), where the
following equation

yH(t) = 1
!

PV

! (

$(

y(t)
t $ #

d# (13)
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Simulation of two bidirectional coupled oscillators for the case of Arp 102B. Left: random realization of equation  from two 
time series (black is Ua = OP1 and red is Ub = OP2) of amplitudes A = 5.29, B = 1.99, phase ϕ = 0.4174 rad, coupling 
strengths cpa →b = 0.4, cpb → a = 0.2, time delay is 100 and periods are 500 and 300 arbitrarily chosen time units. Right: 
corresponding 2D correlation map.

Both curves are similar and non-closed, 
indicating either weak coupling or the absence 
of periodicity. They appear to intersect 
themselves due to projection on to 2D phase 
space.
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Simulation of two bidirectional coupled oscillators for the case of NGC 5548. Left: random realization of equation (19) from two time 
series (black is Ua = OP1 and red is Ub = OP2) of amplitudes A = 5.92, B = 1.27, phases ϕ = 2.65 rad, coupling strengths cpa →b = 0.7, 
cpb → a = 0.2, periods 500 and 300 and time delay is 100 arbitrarily chosen time units

Note the chaotic-like 
appearance of both 
curves.
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 Its 2D correlation maps are similar to the 
case of NGC 4151. Particularly, if we look at 
phase portraits of the light curves  normal 
limit cycles are observed in the dynamics of 
E1821 + 643. They are similar to the phase 
portrait of regular sinusoids. We note the 
presence of two smaller elongated loops in 
all phase curves reflecting two smaller 
periods.
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CONCLUSIONS
• We provided a general hybrid method for mining 

periodicity which also allows us to discern dynamics 
of quasars

• This is useful where signals are highly variable or 
‘noisy’ and where links are difficult to discern from 
comparison of the individual standard wavelet 
transforms

• The method does not require any a priori filtering 
assumptions or assuming  certain values  of periods

• Our method automatically provides information 
(both numerical and visual) on the interactions 
between oscillators, which is not readily available 
using other methods
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